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Abstract In this paper we derive an expression of the m** order moments and some weighted mo-
ments of truncated skew-normal distributions. We link these formulas to previous results for trun-
cated distributions and non truncated skew-normal distributions. Methods to estimate skew-normal
parameters using weighted moments are proposed and compared to other classical techniques. In a
second step we propose to model the distribution of relative humidity with a truncated skew-normal

distribution.
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1 Introduction

In many applications, the probability distribution function (pdf) of some observed variables can be
simultaneously skewed and restricted to a fixed interval. For example, variables such as pH, grades,
and humidity in environmental studies, have upper and lower physical bounds and their pdfs are
not necessarily symmetric within these bounds. To illustrate such behaviors, Figure 1 shows the
histograms per season and the estimated pdfs of daily relative humidity measurements made in
Toulouse (France) from 1972 to 1999.
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Figure 1: Histograms and estimated densities of daily relative humidity measurements made in

Toulouse (France) from 1972 to 1999. Each panel corresponds to a seasomn.

All observations belong to the interval [0, 100] and skewness is apparent, especially during the Spring
and Fall seasons. There are many strategies available to model such skewed and bounded data.
In this paper our approach is to conceptually view such observations as truncated measurements
originating from a flexible skewed distribution. More precisely we assume that the truncation bounds
are known and we focus on the following skew-normal pdf defined by Azzalini (1985)

froale) = 20 (T2 )@ (A121), (1)

g o

where 4 € R, 0 > 0 and A € R represent the location, scale and shape parameters, respectively.
The notations ¢ and ® correspond to the pdf and the cumulative distribution function (cdf) of the
standard normal distribution, respectively. The skew-normal distribution (1) can be obtained from
a bivariate Gaussian random vector, by conditioning one component on the second one being above
(or below) a given threshold (Azzalini, 1985). The notation X ~ SN(u, o, A) represents a random
variable, X, following (1) and F), , » denotes its cdf. The particular case A = 0 corresponds to the
classical normal distribution with mean p and variance o2. In the following, the pdf and the cdf
of a SN(0,1,\) are simply denoted fy and F). In this context our main objective is to propose
and study a novel method-of-moments approach for estimating the parameters of (1) in presence of

truncation.
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Among others, Martinez et al. (2008) recently studied the moments of the skew-normal defined by
(1). Dhrymes (2005) provided a recursive relationship among the r-order moments of a standard

normal distribution, say Z, truncated at a and b

2 1h(2 b
my(a,b) = (r — 1)my_2(a,b) — [[@(f;]b)]a’ forr=1,2,..., (2)

a

where m,(a,b) = E[Z" | a < Z < b] with a < b, [®(2)]2 denotes ®(b) — ®(a), mo(a,b) = 1 and
m—_i(a,b) can be any finite value. In Section 2 we combine the results of Martinez et al. (2008)
with the approach of Dhrymes (2005) in order to derive the moments of a truncated skew-normal
distribution.

Following the work of Flecher et al. (2009a), we also compute a special type of weighted moments of
truncated skew-normal distributions. In Section 3, these theoretical expressions of moments allow
us to propose a new method-of-moments approach to estimate the parameters of such truncated
distributions. In Section 4, this estimation method is compared to the classical method-of-moments
and maximum likelihood method (Mills, 1955) using simulated data. Daily air relative humidity

measurements are also analyzed in this section. All proofs are relegated to the Appendix to improve

readability of the paper.

2 Moments of truncated skew-normal variables

Lemma 1 presents an explicit, though cumbersome, solution to (2).

Lemma 1. Let Z be a standard Gaussian random variable and —oo < a < b < +00. Let us denote

my(a,b) =E(Z" | a < Z < b) the r'" moment of the truncated Z. Then,

k 2i—1
mag(a,b) = (2k — 1)!! ( ;(21_1 & q)(f)(}g)} ) , fork=1,2,...,
k 2,2@ (z)]b
m2k’+1 a b Z “ [q) Z)}Za’ fork:0717“'7 (3)

1=0
where n!l denotes the double factorial defined by Arfken (1985) as

| 1, ifn=—-1, n=0o0rn=1,
nll =

nx(n-—2) ifn>2

As (a,b) — (—o0,00), the moments mag(a,b) and mogi1(a,d) tend to (2k — 1)!! and zero, respec-

tively. The latter two values correspond to the classical Gaussian moments.



We now introduce the truncated skew-normal distribution as a truncation of the skew-normal dis-
tribution in 1. Its pdf is

mfu,m(x), ifa<z<b,

fuop(@]a <X <b) = (4)

0 otherwise,

where X ~ SN(p,0,A) and —oo < a < b < 400 represents the range of the truncation. Let us
consider the simple case (u,0) = (0,1).

Proposition 1. Let X be a SN(0,1,\). Let us denote sy ,(u,v) =E[X" | u < X < o] withu <v

the v moment of the truncated variable. The following recursive relationship holds,
Sxr(u,v) = (r —1)sy,—2(u,v) +ryp(u,v), forr=1,2,..., (5)

where sy o(u,v) =1 and sy _; can be any finite value,

[ A@ 2 A [

Tar(u,v) = — + M1 (Astty \cv),

@) Ver AL [E(2)];
where A\, = (1 4+ X2)Y2. From (5), we can derive

p
2 _ 1 11 )
sxop(u,v) = (2p—1) ”+Z 14 ”mgk(u v), withp=1,2,..., (6)
k:l

P
sx2p+1(u, v) Z o) "T)\Qk+1 u,v), withp=0,1,... . (7)
k:0

Martinez’s et al. (2008) results can be viewed as limiting cases of (6) and (7)

lim sxop(u,v) = (2p — D!, with p=0,1,...,

(u,0)—(—00,400)

p
A
) P oy 321 0) kzz eSO

with p=0,1,... .

Equalities (6) and (7) tell us that odd (respectively even) moments of truncated skew-normal distri-
butions can be interpreted as linear combinations of even (respectively odd) moments of the normal
distribution truncated at A\,u and A.v. If A = 0, Equation (5) and Proposition 1 are equivalent
to the recursive equation provided in Dhrymes (2005) and Lemma 1, respectively. The restricting

condition (i, o) = (0,1) can be easily removed and leads to the following proposition.

Proposition 2. Let X ~ SN(u,0,)\). Then, we have

E[xX™ \a<X§b]:ZCT " s\ (U, v). (8)

r

where u = (a—p) /o, v=(b—p)/o, C} = ( " ) is a binomial coefficient and sy ,(u,v) is defined

i Proposition 1.



Proposition 2 provides moments of any order and consequently the first three moments can be
used to implement a classical method-of-moment. Besides the complexity of deriving the explicit
expression of the third moment, its estimation is usually tainted with a large variance because X3
can take large values. An alternative route is to derive other types of moments. Following the work
of Hosking et al. (1985) and Diebolt et al. (2008), Flecher et al. (2009a) introduced and studied
probability weighted moments for skew-normal distributions. The basic idea is to compute moments
of the type E[X*®"(X)], where s and r are small integers. Here we concentrate on the case s =0

and r = 1. We obtain the following proposition.

Proposition 3. Let X ~ SN(pu,0,\) and a < b. Then,

_ , S L )
E[®(X)|a <X <b] =2P5(0;v4,I+0°D DY) Fpon@)], o(p, o, N), (9)

where F. is the cumulative distribution function of a closed skew-normal variable CSNyo(p, 0%, D4, v, 1o),

I, is the identity matriz of size two, Dy = (1,\/0)" and vy = (—pu,0)".

The definition and some properties of closed skew-normal distributions can be found in the book

edited by Genton (2004), see in particular Chapter 2 written by Gonzalez-Farias et al.

3 A method-of-moments approach for truncated skew-normal dis-

tributions

To apply a method-of-moments approach to realizations generated from a truncated skew-normal
pdf, three explicit equations are necessary to estimate the three skew-normal parameters. At this
stage, two possible approaches can be implemented. Using Proposition 2, we can compute the
three first moments E[X™ | a < X < b] with m = 1,2,3. This is the classical method-of-moments
approach and we will call it MOM hereafter. A second alternative is to take advantage of Proposition
3. Flecher et al. (2009a) showed that this strategy applied to non-truncated skew-normal data leads
to better estimates than the classical MOM approach. For truncated data, the following set of
three equations is the core of our estimation scheme, hereafter called Method of Weighted Moments
(MWM),

EX|la < X <b = psyo(u,v)+osy1(u,v),
Var(Xla< X <b) = o? (s>\72(u, v) — sio(u,v)) , (10)
E[®(X)la <X <b] = o(u,0,N),



with u = (@ — p)/o, v = (b— p)/o and sy, (u,v) is defined in Proposition 1. The name “Method
of Weighted Moments” can be justified by recalling that the system defined by (10) stems from the
“weighted moments” E(X"®*(X)|a < X < b) with (r,s) = (1,0), (r,s) = (2,0) and (r,s) = (0,1).

To estimate the parameters, we used the following scheme:

e Compute the empirical moments corresponding to E[X | a < X < b],Var(X |a < X <b) and
E[®(X) |a< X <),

e solve (10) for (i, 0, A) using nlminb function in R.

The complexity of the equations, in particular the last equation related to the weighted moment,
does not allow us to obtain distributional results for the estimators (f,d, 5\) The performance of

this estimation scheme must therefore be assessed by simulation.

Figure 2 shows how E[X3 | a < X < b] (right panel) and E[®(X) | a < X < b] (left panel) vary
as functions of A, when (u,0) = (0,1) with 10% or 20% of left truncation. Boxplots have been
obtained from 1000 replicates of the empirical moments, each one being computed on a sample of
500 truncated skew-normal random variables. Clearly, the estimates of E[®(X) | a < X < b] are
much less dispersed those of E[X? | a < X < b], specially for low to moderate values of A\. Both
curves flatten out as A reaches large values. It is thus very difficult to estimate large values of
A, say A > 4. Similar results have also been obtained with different truncation schemes and/or
truncation intensities, or without any truncation at all (see the next section for a precise definition
of truncation intensity). These are good indications that the weighted moment should be preferred

to the third moment, see also Tables 1 and 2 below.

4 Data analysis

4.1 Simulations

To assess our inference method we simulated 1000 vectors of size 500 of independent replicates, using
the rsn function of the R package sn (Azzalini, 2009). We considered three values for the shape
parameter A € {1,2,4}, corresponding to respectively low, medium and high levels of skewness.
Because A plays a symmetrical role, we restricted ourselves to positive values for A\; A = 0 corresponds
to absence of skewness. Note also that A = 4 is located in a relatively flat area of the curve

E[®(X)la < X < b|(N), i.e. different large values of A\ give a similar weighted moment. Since
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Figure 2: Theoretical and empirical moments of E[®(X) | a < X < b] and E[X? | a < X < }] as

a function of A. Boxplots are computed on 1000 samples of size 500 of truncated SN (0,1, ) with
A€ {1,2,4} and 10% and 20% left truncations.

Table 1: Bias and Mean-Square-Error (MSE) for the MWM, MOM and MLE (Maximum Likelihood Esti-

mates) approaches obtained from 1000 replicates of size 500 for left or right truncation with intensity 20%

and parameters (u, o, \) = (0,1,2).

MWM MOM MLE

Bias MSE Bias MSE Bias MSE

i 0.033 0.027 0.106  0.063 0.107  0.042

Left truncation & —0.024 0.007 -0.033  0.010 —-0.031  0.010
A —0.434 1.143 1994 8.5107 46.1 5.710°

i 0.059 0.033 0.033  0.038 0.044  0.042

Right truncation & 0.004 0.159 0.107  0.543 0.063  0.163
A —0.003 1.806 0.372  5.546 0.213 2.214

left and right truncation do not play a symmetrical role, we considered left, right and bilateral

truncation. The intensity of the truncation is defined as the probability that the non truncated



Table 2: Median and Inter-Quartile-Range (IQR) for the MWM, MOM and MLE approaches obtained from
1000 replicates of size 500 for left or right truncation with intensity 20% and parameters (i, o, A) = (0, 1, 2).
MWM MOM MLE

Median IQR Median IQR Median IQR

i 0.028 0.194  -0.077 0.232 0.089 0.139
Left truncation & 0.978 0.106 0.968 0.117 0.979  0.083
A 1.717  1.352 1.649 2.522 2.287 2.851
i 0.002 0.182  -0.012 0.198  -0.011 0.200
Right truncation & 1.020 0.318 1.017 0.418 1.009 0.414
A 2.026 1.120 2.125 1.509 2.055 1.463

skew-normal random variable falls outside the truncation interval. We considered two intensities:
10% and 20%. In the case of a bilateral truncation, the same probability is applied to the left-hand
side and right-hand side tails of the distribution.

The bias and Mean-Square-Error (MSE) for the MWM, MOM and MLE approaches are reported in
Table 1 for 20% left truncation and A = 2. Similar results were obtained for other cases, but for sake
of conciseness they are not reported here. Except in one case (ji for right truncation) MWM yields
better estimates than MOM and MLE, both in terms of bias and MSE. One can also observe that
MOM and MLE have great difficulties in estimating A in the case of a left truncation, a problem
not encountered with MWM. This problem is related to the higher variability of the empirical third
moment than that of the empirical weighted moment. In very few cases MOM and MLE provide
some very large values of A due to convergence problems. These rare but very large values blow up
the bias and MSE of the estimators of A. To remove this effect in the comparison, we added Table
2 which displays the median and inter-quantile range (IQR) values for each estimator. As expected,
these statistics tell a better story for the MLE and MOM. Still MWM globally outperforms the
other two methods. As a consequence of the results shown in Tables 1 and 2 and Figure 2, we will

now only report simulation results for MWM.

Table 3 indicates the mean and the standard deviation (in brackets) of MWM estimates. Several

comments can be made

e When the truncation intensity is 10%, estimates have generally smaller bias and standard

deviation than when the truncation intensity is 10% is 20%.

e The most difficult parameter to estimate is A. This fact has been consistently reported for



skew-normal distributions (Arellano—Valle and Azzalini, 2008); even with a truncation inten-
sity of 10%, it is extremely difficult to estimate A if the distribution is left truncated. MOM

yields even worse result and cannot be considered as a viable alternative in this case.

e The scale parameter o is in general very well estimated; with a tendency to i) underestimation
for bilateral truncation and high values of A, and ii) overestimation with a right truncation

and low level of skewness.

e The quality of the estimation of the location parameter u is closely related to the one of \.

Table 3: Mean |standard deviation| of estimates for MWM; 1000 replicates of size 500 for left, right and

bilateral truncation with varying amount of intensity; (u, o) = (0,1).

A=1 A=2 A=4

Left 10%  0.084(150 0.125(0150 —0.074(0 167
Left 20%  0.1070912) 0.033j0161 —0.201p0.50)

i Right 10% 0.040959 0.028)012  0.0090.053
Right 20%  0.037(0500) 0.0590175  0.018[0 062
Bilat. 10%  0.031909) 0.0980140)  0.118}g 009
Bilat. 20% 0.064(0155 0.172077)  0.034(0 166)
Left 10%  0.9690.071] 0.938(0.0s9  0-991(0.01]
Left 20%  0.9790.002) 09760077  1.032[0.004

& Right 10% 1.041049 0.987(0169  0.990[.107]
Right 20% 1.243(p77) 1.004j0305  0.985(0 104
Bilat. 10% 1.0180160) 0.92910120]  0-846[0 070
Bilat. 20% 0.980.149) 0-8310.0s3  0.866(0 121]
Left 10%  0.8190.421) 1.255[0863  1.301[0.729)
Left 20%  1.1020007 15660077  1.043(0 631

A Right 10% 1.07507711 199300605  3-977[0.001]
Right 20%  1.4550.78g 1.997(1.30  3.931[1.43
Bilat. 10% 1.105( 738 1.646006q  0-911 367
Bilat. 20% 0.920(575 0.891p0205  0.834[0.055

The most interesting feature of this simulation study is that truncation direction and intensity

play an important role in the performance of the estimation procedure. Large truncation levels,



especially for bilateral and left truncation when the shape parameter is large, diminish the overall

estimation quality.

In some cases, identifiability issues arise. Consider for example a one-sided truncation at a = 0 (i.e.
the density is equal to zero for negative values). Because a skew-normal distribution with infinite
shape parameter \ is nothing but a standard normal distribution truncated at zero, the two sets of
parameters (u = 0,0 =1,A=0,a =00) and (= 0,0 = 1, = 00,a = 0) lead to the same density.
In this case these two sets of parameter are undistinguishable. This is a special degenerate case, but
obviously, some situations can lead to different sets of parameters with very similar distributions.
Consider for example the estimation of a SN(0,1,2) with 20% left truncation. The estimates are
plotted in Figure 3. Values of A ranges from 0.1 to 5.5, with a mean equal to 1.5. Figure 3a shows
that the distribution of \ is bimodal, corresponding to two populations of estimates (i, d, 5\) of

comparable size (see Table 4).
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Figure 3: Estimates of (u, 0, \) computed from 1000 samples of size 500 of truncated SN (0, 1, 4)
with a 10% left truncation.

Figure 4 displays the true density and two other densities corresponding to the two populations.
This figure clearly indicates that the three densities are very close. They differ mainly near the

truncation threshold.
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Figure 4: Black solid line: 20% left truncated SN(0,1,2); grey pointed line: typical density of group
#1, SN(0.09,0.94,0.69); grey dashed line: typical density of group #2, SN(-0.01,1.01,2.3).

This example illustrates two important facts. Firstly MOM has greater difficulties than MWM for
estimating the parameters since the third moment E[X?3 | a < X < b] is very sensitive to large values
of X, see Table 1. Secondly, if X is positive, the parameters are difficult to estimate in presence of
a left truncation, but there are no particular problems for right truncations, see Table 3. It is the

opposite when A is negative.

4.2 Daily relative humidity measurements

The relative humidity of an air-water mixture is defined as the ratio of the partial pressure of the
water vapor in the mixture to the saturated vapor pressure of water at a prescribed temperature
(Perry, 2007). This quantity is normally expressed as a percentage and is thus restricted to the
interval [0,100]. The data set considered here consists of daily measurements of relative humidity
recorded by the INRA weather station located in Toulouse, South of France, between 1972 and
1999. In temperate regions, relative humidity is always much larger than 0; truncation at 100

is the only truncation visible on the experimental histograms. We will therefore consider right

11



Table 4: Mean [standard deviation| of the estimates of a SN (0, 1,2) with 20% left truncation, when

clustered in two populations.

Group # 1 Group # 2

N 463 537
i 0.085[0.187] _0‘011[0.116]
o 0.936[0_079] 1 ~009[0.056}

X 0694[0367] 231[0663]
Intensity  33.2%y g 19.4%7.3)

truncation only. To take into account the seasonality effect, the year is divided into four periods,
(Semenov et al., 1998; Flecher et al., 2009b): December-January-February (DJF), March-April-
May (MAM), June-July-August (JJA) and September-October-November (SON). Our goal is to
fit a truncated skew-normal distribution for each one of the four periods assuming climatological
stationarity throughout the whole period 1972-1999. The cooresponding histogramns are represented

in Figure 1.

For each season, the parameters were estimated using MOM and MWM. Results are presented in
Table 5. In JJA, \ is positive, and the estimates obtained with the two methods are very close,
as discussed in the previous section. For the other seasons, ) is negative, i.e. we encounter the
difficult case described in the previous section. Hence, MOM and MWM estimates are different.
The densities with the parameters estimated via MWM are depicted Figure 1. The agreement

between histograms and estimated densities is clear.

Table 5: Estimated parameters by MWM, MOM and MLE for relative humidity in Toulouse for

four seasons.

MWM MOM MLE

i o A i o A i 6 A

DJF 941 94 —0.98 92.0 9.0  0.00 96.1 11.5 —1.02
MAM 86.2 156 —1.98 86.0 16.0 —2.05 84.4 194 —1.32
JJA 588 14.6  1.29 59.0 14.0  1.17 68.1 13.3  0.40
SON 922 16.1 —2.12 88.0 14.0  0.01 89.6 147  0.02

12



5 Concluding remarks and discussion

In this paper we derived the m'" order moments of a truncated skew-normal distribution for any
m > 0 as a linear combination of moments of truncated Gaussian distributions. We linked our
results with classical results on non-truncated skew-normal distributions moments. We also derived
expressions for some weighted moments by taking advantage of the formulas proposed by Flecher
et al. (2009a).

We then presented two inference methods based on classical moments (MOM) and on weighted
moments (MWM). Both methods were compared to the classical MLE approach for different values
of the shape parameter A and truncation intensities. Clearly the method based on weighted moments
yields better estimates than the method of moments, especially for the scale parameter. We have
not tried to implement a Bayesian approach (e.g., Liseo and Loperfido, 2006, 2003) that may offer
an interesting alternative. Concerning the derivation of variance estimates, it would be of interest

to explore a parametric bootstrap type (Davison and Hinkley, 1997).

We also noted that when the truncation intensity or the shape parameter are too large the param-

eters are nearly non identifiable.

Despite these limitations, the illustration on relative humidity indicates that reasonable estimates

can be derived and the inferred density models fit the histograms adequately.
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6 Appendix

6.1 Proof of lemma 1

Dhrymes (2005) obtained the recursive representation (2). The proof is done by induction. It is
only presented for odd moments; it is very similar for even moments. First note that the lemma is
true for k = 0. Suppose now that (3) is true for the (2k + 1)"* moment. Then, using the recursive
representation for the (2k + 3)** moment:

k .
(2! [2%p(2))2 (2k 4+ 2)!! [226F2¢(2)]8
ksl 0) = @k+”<‘§:@wnH¢@mg>‘<%+aw[[Mmm]’

=0
k+1
ko g
=l Tan pek

Hence, (3) is true for any odd moment.

6.2 Proof of proposition 1

We first prove the first part of the proposition, i.e. equation (5). For n > 1, denoting \* = v/1 4+ \2,
and integrating by part the quantity sy ,_o,

mdw)zméwfwwwwm,
= L (st RGBT egoneie )
—ridwwW”T%”—éwmm/g%MWO
=fl@ww+%ﬁﬁ e e 0]

from which equation (5) follows directly by denoting

[57'_1fA(§)]Z+ 2 A [N
[EX(E)]Y V2r AL [Fa(©)y,
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The second part of the proposition is proved by induction, similarly to the proof of proposition 1.

6.3 Proof of Proposition 2

Let X ~ SN(u,0,\) with pdf f, ,x and cdf F, ;. Then,

m A B 2 b r—p . x—p
E[X \a<ng]_/ax fuﬁ,)\(:ﬂ)dz—(wg/ax o0 .

Let us consider the change of variable £ = (z — u)/o. Then, with & = (z; — u) /o, i = 1,2 we have

B [0 <X <8 = oo [ (ot m oo,
1

- [ (Saeen) nes
ma]é<§ ! )A

u

= (e 2 O [ e

u =0

3

= Z Cro" ™ sy r(u,v).
r=0

6.4 Proof of Proposition 3

This proposition is a direct application of a more general result regarding the weigthed moments of
Closed Skew-Normal variables, established in Flecher et al. (2009a). Proposition 2 in Flecher et al.
(2009a) is then applied for the function h(z) = 1/[F, ,(x)]%, for a < x < band h(x) = 0 elsewhere.
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